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Introduction to 
Toxic-Substance 

Modeling



The Toxics Problem

This section intends to provide an overview of toxic modeling, with an 
emphasis on developing simple mass balances for well-mixed lakes and 
underlying sediments. 

This will investigate similarities and differences between conventional and 
toxic-pollutant models. Previous conventional pollutants were those that 
are a natural by-product of human activities and those which 
overstimulate the natural production/decomposition cycle. 

Next, we describe some differences on toxics vs conventional wastes. 



Contrast of Conventional and 
Toxic Pollution

The major differences are:

1. Natural versus alien: toxics do not occur naturally (pesticides and other synthetic organics), 
and as such develop problems related poisoning or interfering with the natural process.

2. Aesthetics versus health: mitigation of “visual” pollution vs health by drinking water and 
aquatic food stuffs.

3. Few versus many: Conventional wq management deals on the order of 10 “pollutants”, 
toxics contain a vast number of contaminants

4. Single species versus solid/liquid partitioning: Usually a single species conventionally (N), 
toxicants deal with solids, dissolved, volatilized forms.



Classification of Toxics

Toxicants can be classified by functions (pesticides, cleaning products, 
fuels), or primary industrial association (agricultural, petroleum, 
refining, textiles, etc) or chemical criteria. 

One approach is to look at priority pollutants. EPA published a list 
which provides structure to this toxics problem: containing 129 
inorganic and organic toxicants





Solid-Liquid Partitioning

Toxic substances are partitioned into particulate and dissolved forms:
- This produces a more mechanistic characterization of the toxic mass 
balance. 
-Key mechanisms may act on one form or other (volatilization, settling).

𝑐𝑐 = 𝑐𝑐𝑑𝑑 + 𝑐𝑐𝑝𝑝

𝑐𝑐𝑑𝑑 = 𝐹𝐹𝑑𝑑𝑐𝑐
and

𝑐𝑐𝑝𝑝 = 𝐹𝐹𝑝𝑝𝑐𝑐



Solid-Liquid Partitioning
The contaminant’s partition coefficient and lake’s suspended 
solids concentration:

𝐹𝐹𝑑𝑑 =
1

1 + 𝐾𝐾𝑑𝑑𝑚𝑚
and 

𝐹𝐹𝑝𝑝 =
𝐾𝐾𝑑𝑑 𝑚𝑚

1 + 𝐾𝐾𝑑𝑑𝑚𝑚
where Kd = a partition coefficient (m3 g-1) and m = suspended solids concentration 
(g m-3).
The partition coefficient quantifies the tendency of the contaminant to associate 
with solid matter,

𝐹𝐹𝑑𝑑 + 𝐹𝐹𝑝𝑝 = 1



Toxics Model for a CSTR

We can use the knowledge of the solid-
liquid partitioning to develop a simple 
mass balance of a toxicant for a well-
mixed lake or CSTR.



Toxic Model: Solids Budget

In previous modeling, we used a water budget to calculate the effects of water 
transport on the pollutant budget. Now we must incorporate a solids budget to 
account for the solid-liquid partitioning. 

Solids are introduced into a well-mixed lake via inflowing tributaries and are 
purged from the system by settling and outflow. This balance is written as:

𝑽𝑽
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= 𝑸𝑸𝒅𝒅𝒊𝒊𝒊𝒊 − 𝑸𝑸𝒅𝒅 − 𝒗𝒗𝒔𝒔𝑨𝑨𝒅𝒅

where min = inflow suspended solids concentration (g m-3) and vs = settling 
velocity ( m yr-1).



In steady state the equation can be solved for :

𝑉𝑉
𝑑𝑑𝑚𝑚
𝑑𝑑𝑑𝑑

= 𝑄𝑄 𝑚𝑚𝑖𝑖𝑖𝑖 − 𝑄𝑄𝑚𝑚 − 𝑣𝑣𝑠𝑠𝐴𝐴 𝑚𝑚

𝑚𝑚 =
𝑄𝑄𝑚𝑚𝑖𝑖𝑖𝑖

𝑄𝑄 + 𝑣𝑣𝑠𝑠𝐴𝐴
This result can be expressed as the transfer coefficient:

𝛽𝛽 =
𝑄𝑄

𝑄𝑄 + 𝑣𝑣𝑠𝑠𝐴𝐴

Toxic Model: Solids Budget



Contaminant Budget
A mass balance for a toxic substance in a well-
mixed lake is depicted here, and expressed 
mathematically:

𝑉𝑉
𝑑𝑑𝑐𝑐
𝑑𝑑𝑑𝑑

= 𝑄𝑄 𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑄𝑄𝑐𝑐 − 𝑘𝑘𝑉𝑉𝑐𝑐 − 𝑣𝑣𝑣𝑣𝐴𝐴𝐹𝐹𝑑𝑑𝑐𝑐 − 𝑣𝑣𝑠𝑠𝐴𝐴 𝐹𝐹𝑝𝑝𝑐𝑐

where vv = a volatilization mass-transfer coefficient 
(m yr-1). Parameters Fp and Fd are present to modify 
mechanisms that act on particulate and dissolved 
fractions. 



Contaminant Budget
Solving for the steady-state condition:

𝑐𝑐 =
𝑄𝑄𝑐𝑐𝑖𝑖𝑖𝑖

𝑄𝑄 + 𝑘𝑘𝑉𝑉 + 𝑣𝑣𝑣𝑣𝐴𝐴𝐹𝐹𝑑𝑑 + 𝑣𝑣𝑠𝑠𝐴𝐴 𝐹𝐹𝑝𝑝

Or as a transfer function this is:

𝛽𝛽 =
𝑄𝑄

𝑄𝑄 + 𝑘𝑘𝑉𝑉 + 𝑣𝑣𝑣𝑣𝐴𝐴𝐹𝐹𝑑𝑑 + 𝑣𝑣𝑠𝑠𝐴𝐴 𝐹𝐹𝑝𝑝



𝑉𝑉
𝑑𝑑𝑚𝑚
𝑑𝑑𝑑𝑑 = 𝑄𝑄 𝑚𝑚𝑖𝑖𝑖𝑖 − 𝑄𝑄𝑚𝑚 − 𝑣𝑣𝑠𝑠𝐴𝐴 𝑚𝑚



Toxics
What mechanisms would you be 
interested in tracking/modeling if 
we had more time (ideas for field 
sampling)? 

Which pathways have you heard 
about as being problematic? 



Toxics Model for a CSTR with 
Sediments

Now that we have contrasted conventional pollutants and 
toxics for a simple CSTR, now we add a (2) sediment layer 
below the (1) lake (both well-mixed). The following special 
parameters are revisited. Porosity is defined as:

𝜙𝜙 =
𝑉𝑉𝑑𝑑𝑑
𝑉𝑉𝑑

where Vd = volume of the liquid part of the sediment layer 
(m3) and V2 = total volume of the sediment layer (m3), and 
the density:

𝜌𝜌 =
𝑀𝑀𝑑

𝑉𝑉𝑝𝑝𝑑
where 𝜌𝜌 = density (g m-3)

M2 = mass of the solid phase in the sediment (g)
Vp2 = volume of the solid matter (m3)



Toxics Model for a CSTR with 
Sediments

As in the previous lectures, these quantities can be 
used to express a “suspended solids” for the sediments 
as: 

𝑚𝑚𝑑 = 1 − 𝜙𝜙 𝜌𝜌

Thus the suspended solids concentration is expressed 
in terms of parameters used for porous media. 



Solids Budget
Mass balances for solids in the water and the 
sediment layer can be written as:

𝑉𝑉1
𝑑𝑑𝑚𝑚1

𝑑𝑑𝑑𝑑
= 𝑄𝑄 𝑚𝑚𝑖𝑖𝑖𝑖 − 𝑄𝑄𝑚𝑚1 − 𝑣𝑣𝑠𝑠𝐴𝐴𝑚𝑚1 + 𝑣𝑣𝑟𝑟𝐴𝐴𝑚𝑚𝑑

and 

𝑉𝑉𝑑
𝑑𝑑𝑚𝑚𝑑

𝑑𝑑𝑑𝑑
= 𝑣𝑣𝑠𝑠𝐴𝐴𝑚𝑚1 − 𝑣𝑣𝑟𝑟𝐴𝐴𝑚𝑚𝑑 − 𝑣𝑣𝑏𝑏𝐴𝐴𝑚𝑚𝑑

where  vr =resuspension velocity (m yr-1) and vb= 
burial velocity (m yr-1). 



Solids Budget
The previous relationship for suspended solids 
(𝑚𝑚𝑑 = 1 − 𝜙𝜙 𝜌𝜌) can be used to rewrite the solids 
budget as : 

𝑉𝑉1
𝑑𝑑𝑚𝑚
𝑑𝑑𝑑𝑑

= 𝑄𝑄 𝑚𝑚𝑖𝑖𝑖𝑖 − 𝑄𝑄𝑚𝑚 − 𝑣𝑣𝑠𝑠𝐴𝐴𝑚𝑚 + 𝑣𝑣𝑟𝑟𝐴𝐴 1 − 𝜙𝜙 𝜌𝜌

and 
𝑉𝑉𝑑𝜌𝜌

𝑑𝑑(1 − 𝜙𝜙)
𝑑𝑑𝑑𝑑

= 𝑣𝑣𝑠𝑠𝐴𝐴𝑚𝑚 − 𝑣𝑣𝑟𝑟𝐴𝐴 1 − 𝜙𝜙 𝜌𝜌 − 𝑣𝑣𝑏𝑏𝐴𝐴 1 − 𝜙𝜙 𝜌𝜌

At steady state:
1 − 𝜙𝜙 𝜌𝜌 =

𝑣𝑣𝑠𝑠
𝑣𝑣𝑟𝑟 + 𝑣𝑣𝑏𝑏

𝑚𝑚



Solids Budget
This

1 − 𝜙𝜙 𝜌𝜌 =
𝑣𝑣𝑠𝑠

𝑣𝑣𝑟𝑟 + 𝑣𝑣𝑏𝑏
𝑚𝑚

Can be substituted into the steady state form and 
then solved for to result as :

𝑚𝑚 =
𝑄𝑄𝑚𝑚𝑖𝑖𝑖𝑖

𝑄𝑄 + 𝑣𝑣𝑠𝑠𝐴𝐴(1 − 𝐹𝐹𝑟𝑟)
or

𝛽𝛽 =
𝑄𝑄

𝑄𝑄 + 𝑣𝑣𝑠𝑠𝐴𝐴(1 − 𝐹𝐹𝑟𝑟)
where Fr = resuspension factor:

𝐹𝐹𝑟𝑟 =
𝑣𝑣𝑟𝑟

𝑣𝑣𝑟𝑟 + 𝑣𝑣𝑏𝑏



Solids Budget: Parameter 
Estimation

The following parameters (𝜌𝜌, 𝜙𝜙, m, min, Q, A, vs, vr, vb) in the model comprise 
the pair of model equations below. We try to assess about 7 and leave 2 for 
estimation:

𝑉𝑉1
𝑑𝑑𝑚𝑚
𝑑𝑑𝑑𝑑

= 𝑄𝑄 𝑚𝑚𝑖𝑖𝑖𝑖 − 𝑄𝑄𝑚𝑚 − 𝑣𝑣𝑠𝑠𝐴𝐴𝑚𝑚 + 𝑣𝑣𝑟𝑟𝐴𝐴 1 − 𝜙𝜙 𝜌𝜌

and 

𝑉𝑉𝑑𝜌𝜌
𝑑𝑑(1 − 𝜙𝜙)

𝑑𝑑𝑑𝑑
= 𝑣𝑣𝑠𝑠𝐴𝐴𝑚𝑚 − 𝑣𝑣𝑟𝑟𝐴𝐴 1 − 𝜙𝜙 𝜌𝜌 − 𝑣𝑣𝑏𝑏𝐴𝐴 1 − 𝜙𝜙 𝜌𝜌

Of the 9 parameters, 𝜌𝜌 and 𝜙𝜙 are known. Typically 𝜌𝜌 = 2.6 x 106 g m-3 and 𝜙𝜙 = 
0.75 to 0.95. Assume that flow (Q) and area (A) are given. This leaves 5 
parameters : m, min, vs, vr, vb. 



Solids Budget: Parameter 
Estimation

This leaves 5 parameters : m, min, vs, vr, vb. Of these, vr is extremely difficult to 
measure. We use this for our study of parameter estimation. 

In one case, let’s assume m and min have been measured. vs (settling velocity) 
may have been measure directly or taken from literature (e.g. 2.5 m d-1 for 
inorganic and clay particles) At steady state, we can add :

𝑉𝑉1(0) = 𝑄𝑄 𝑚𝑚𝑖𝑖𝑖𝑖 − 𝑄𝑄𝑚𝑚 − 𝑣𝑣𝑠𝑠𝐴𝐴𝑚𝑚 + 𝑣𝑣𝑟𝑟𝐴𝐴 1 − 𝜙𝜙 𝜌𝜌
and 

𝑉𝑉𝑑(0) = 𝑣𝑣𝑠𝑠𝐴𝐴𝑚𝑚 − 𝑣𝑣𝑟𝑟𝐴𝐴 1 − 𝜙𝜙 𝜌𝜌 − 𝑣𝑣𝑏𝑏𝐴𝐴 1 − 𝜙𝜙 𝜌𝜌
to get :

0 = 𝑄𝑄𝑚𝑚𝑖𝑖𝑖𝑖 − 𝑄𝑄𝑚𝑚 − 𝑣𝑣𝑏𝑏𝐴𝐴 1 − 𝜙𝜙 𝜌𝜌



Solids Budget: Parameter 
Estimation

This can be solved for to estimate vb.
0 = 𝑄𝑄𝑚𝑚𝑖𝑖𝑖𝑖 − 𝑄𝑄𝑚𝑚 − 𝑣𝑣𝑏𝑏𝐴𝐴 1 − 𝜙𝜙 𝜌𝜌

𝑣𝑣𝑏𝑏 =
𝑄𝑄
𝐴𝐴
𝑚𝑚𝑖𝑖𝑖𝑖 − 𝑚𝑚
(1 − 𝜙𝜙)𝜌𝜌

Sometimes burial velocity can be measured directly (e.g. via sediment dating 
techniques). Once vb is approximated, the resuspension velocity can be 
estimated by solving the steady state equation of: 

𝑉𝑉𝑑𝜌𝜌(0) = 𝑣𝑣𝑠𝑠𝐴𝐴𝑚𝑚 − 𝑣𝑣𝑟𝑟𝐴𝐴 1 − 𝜙𝜙 𝜌𝜌 − 𝑣𝑣𝑏𝑏𝐴𝐴 1 − 𝜙𝜙 𝜌𝜌
This results in

𝑣𝑣𝑟𝑟 = 𝑣𝑣𝑠𝑠
𝑚𝑚

(1 − 𝜙𝜙)𝜌𝜌
− 𝑣𝑣𝑏𝑏



Contaminant Budget
A contaminant mass balance for the toxic substance is 
shown here which depicts a sediment-water system. 
Burial and resuspension acts on both dissolved and 
particulate fractions. Diffusion only acts on the 
dissolved fraction.

𝑉𝑉1
𝑑𝑑𝑐𝑐1
𝑑𝑑𝑑𝑑

= 𝑄𝑄 𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑄𝑄𝑐𝑐1 − 𝑘𝑘1𝑉𝑉1𝑐𝑐1 − 𝑣𝑣𝑣𝑣𝐴𝐴𝐹𝐹𝑑𝑑1𝑐𝑐1 − 𝑣𝑣𝑠𝑠𝐴𝐴 𝐹𝐹𝑝𝑝1𝑐𝑐1
+𝑣𝑣𝑟𝑟𝐴𝐴𝑐𝑐𝑑 + 𝑣𝑣𝑑𝑑𝐴𝐴(𝐹𝐹𝑑𝑑𝑑𝑐𝑐𝑑 − 𝐹𝐹𝑑𝑑1𝑐𝑐1)

and 

𝑉𝑉𝑑
𝑑𝑑𝑐𝑐𝑑
𝑑𝑑𝑑𝑑 = −𝑘𝑘𝑑𝑉𝑉𝑑𝑐𝑐𝑑 + 𝑣𝑣𝑠𝑠𝐴𝐴𝐹𝐹𝑝𝑝1𝑐𝑐1 − 𝑣𝑣𝑟𝑟𝐴𝐴𝑐𝑐𝑑 − 𝑣𝑣𝑏𝑏𝐴𝐴 𝑐𝑐𝑑

+𝑣𝑣𝑑𝑑𝐴𝐴(𝐹𝐹𝑑𝑑𝑑𝑐𝑐𝑑 − 𝐹𝐹𝑑𝑑1𝑐𝑐1)



Contaminant Budget
The subscripts stand for (1) water and (2) 
sediment. The fraction Fd2 represents the ratio of 
the sediment pore-water concentration to the 
total concentration of the contaminants. This 
quantity is related to the fundamental sediment 
parameters: 

𝐹𝐹𝑑𝑑 =
1

𝜙𝜙 + 𝐾𝐾𝑑𝑑𝑑 1 − 𝜙𝜙 𝜌𝜌
where Kd2 = contaminant partition coefficient in 
the sediments (m3 g-1).

The diffusive mixing velocity vd can be estimate 
through the empirical eq:

𝑣𝑣𝑑𝑑 = 69.35 𝜙𝜙𝑀𝑀−𝑑/3

where M =molecular weight of the compound 
and vd has units of m yr-1.



Contaminant Budget: Steady 
State Solution
At steady-state (dc1/dt = dc2/dt = 0), the previous equations for the 
mass balance can be expressed as a system of two equations. 

𝑄𝑄 + 𝑘𝑘1𝑉𝑉1 + 𝑣𝑣𝑣𝑣𝐴𝐴𝐹𝐹𝑑𝑑1 + 𝑣𝑣𝑠𝑠𝐴𝐴𝐹𝐹𝑝𝑝1 + 𝑣𝑣𝑑𝑑𝐴𝐴𝐹𝐹𝑑𝑑1 𝑐𝑐1
− 𝑣𝑣𝑟𝑟𝐴𝐴 + 𝑣𝑣𝑑𝑑𝐴𝐴𝐹𝐹𝑑𝑑𝑑 𝑐𝑐𝑑 = 𝑄𝑄𝑐𝑐𝑖𝑖𝑖𝑖

and 
− 𝑣𝑣𝑠𝑠𝐴𝐴𝐹𝐹𝑝𝑝1 + 𝑣𝑣𝑑𝑑𝐴𝐴𝐹𝐹𝑑𝑑1 𝑐𝑐1 + 𝑘𝑘𝑑𝑉𝑉𝑑 + 𝑣𝑣𝑟𝑟𝐴𝐴 + 𝑣𝑣𝑏𝑏𝐴𝐴 + 𝑣𝑣𝑑𝑑𝐴𝐴𝐹𝐹𝑑𝑑𝑑 𝑐𝑐𝑑 = 0

Solving for this latter equation yields:

𝑐𝑐𝑑 =
𝑣𝑣𝑠𝑠𝐹𝐹𝑝𝑝1 + 𝑣𝑣𝑑𝑑𝐹𝐹𝑑𝑑1

𝑘𝑘𝑑𝐻𝐻𝑑 + 𝑣𝑣𝑟𝑟 + 𝑣𝑣𝑏𝑏 + 𝑣𝑣𝑑𝑑𝐹𝐹𝑑𝑑𝑑
𝑐𝑐1



Contaminant Budget: Steady 
State Solution
Substitution of (𝑐𝑐𝑑 = 𝑣𝑣𝑠𝑠𝐹𝐹𝑝𝑝𝑝+𝑣𝑣𝑑𝑑𝐹𝐹𝑑𝑑𝑝

𝑘𝑘2𝐻𝐻2+𝑣𝑣𝑟𝑟+𝑣𝑣𝑏𝑏+𝑣𝑣𝑑𝑑𝐹𝐹𝑑𝑑2
𝑐𝑐1) into the first equation yields: 

𝑐𝑐1 =
𝑄𝑄𝑐𝑐𝑖𝑖𝑖𝑖

𝑄𝑄 + 𝑘𝑘1𝑉𝑉1 + 𝑣𝑣𝑣𝑣𝐴𝐴𝐹𝐹𝑑𝑑1 + 1 − 𝐹𝐹𝑟𝑟′ 𝑣𝑣𝑠𝑠𝐹𝐹𝑝𝑝1 + 𝑣𝑣𝑑𝑑𝐹𝐹𝑑𝑑1 𝐴𝐴

where Fr’ is the ratio of sediment feedback to total sediment purging. 

𝐹𝐹𝑟𝑟′ =
𝑣𝑣𝑟𝑟 + 𝑣𝑣𝑑𝑑𝐹𝐹𝑑𝑑𝑑

𝑣𝑣𝑟𝑟 + 𝑣𝑣𝑏𝑏 + 𝑣𝑣𝑑𝑑𝐹𝐹𝑑𝑑𝑑 + 𝑘𝑘𝑑𝐻𝐻𝑑



Contaminant Budget: Steady 
State Solution
The transfer coefficient for this is :

𝛽𝛽 =
𝑄𝑄

𝑄𝑄 + 𝑘𝑘1𝑉𝑉1 + 𝑣𝑣𝑣𝑣𝐴𝐴𝐹𝐹𝑑𝑑1 + 1 − 𝐹𝐹𝑟𝑟′ 𝑣𝑣𝑠𝑠𝐹𝐹𝑝𝑝1 + 𝑣𝑣𝑑𝑑𝐹𝐹𝑑𝑑1 𝐴𝐴

If the sediment feedback is negligible (Fr’ ~ 0), then this approaches 
(𝛽𝛽 = 𝑄𝑄

𝑄𝑄+𝑘𝑘𝑘𝑘+𝑣𝑣𝑣𝑣𝐴𝐴𝐹𝐹𝑑𝑑+𝑣𝑣𝑠𝑠𝐴𝐴 𝐹𝐹𝑝𝑝
), if the sediment feedback is high (Fr’ ~ 1), then 

it becomes. 

𝛽𝛽 =
𝑄𝑄

𝑄𝑄 + 𝑘𝑘1𝑉𝑉1 + 𝑣𝑣𝑣𝑣𝐴𝐴𝐹𝐹𝑑𝑑1



Contaminant Budget: Time-
Variable Solution
For the case where all loadings are terminated, the contaminant mass 
balances can be divided by volume and rearranged to give :

𝑑𝑑𝑐𝑐1
𝑑𝑑𝑑𝑑

= −𝜆𝜆11𝑐𝑐1 + 𝜆𝜆1𝑑𝑐𝑐𝑑

𝑑𝑑𝑐𝑐𝑑
𝑑𝑑𝑑𝑑

= 𝜆𝜆𝑑1𝑐𝑐1 − 𝜆𝜆𝑑𝑑𝑐𝑐𝑑
where 𝜆𝜆11 = the parameter group that reflects how the water segment 
purges itself.

𝜆𝜆11 =
𝑄𝑄
𝑉𝑉1

+ 𝑘𝑘1 +
𝑣𝑣𝑠𝑠𝐹𝐹𝑝𝑝1
𝐻𝐻1

+
𝑣𝑣𝑣𝑣𝐹𝐹𝑑𝑑1
𝐻𝐻1

+
𝑣𝑣𝑑𝑑𝐹𝐹𝑑𝑑1
𝐻𝐻1



Contaminant Budget: Time-
Variable Solution
where 𝜆𝜆1𝑑 = the parameter group that reflects how the water segment is 
affected by the sediments.

𝜆𝜆1𝑑 =
𝑣𝑣𝑟𝑟
𝐻𝐻1

+
𝑣𝑣𝑑𝑑𝐹𝐹𝑑𝑑𝑑
𝐻𝐻1

where 𝜆𝜆𝑑1 = the parameter group that reflects how the sediment segment is 
affected by the water.

𝜆𝜆𝑑1 =
𝑣𝑣𝑠𝑠𝐹𝐹𝑝𝑝1
𝐻𝐻𝑑

+
𝑣𝑣𝑑𝑑𝐹𝐹𝑑𝑑1
𝐻𝐻𝑑

where 𝜆𝜆𝑑𝑑 = the parameter group that reflects how the sediment segment 
purges itself.

𝜆𝜆𝑑𝑑 = 𝑘𝑘𝑑 +
𝑣𝑣𝑟𝑟
𝐻𝐻𝑑

+
𝑣𝑣𝑏𝑏
𝐻𝐻𝑑

+
𝑣𝑣𝑑𝑑𝐹𝐹𝑑𝑑𝑑
𝐻𝐻𝑑



Contaminant Budget: Time-
Variable Solution
If the coefficients c1 and c2 in (𝑑𝑑𝑐𝑐𝑝

𝑑𝑑𝑑𝑑
= −𝜆𝜆11𝑐𝑐1 + 𝜆𝜆1𝑑𝑐𝑐𝑑 𝑎𝑎𝑎𝑎𝑑𝑑 𝑑𝑑𝑐𝑐2

𝑑𝑑𝑑𝑑
= 𝜆𝜆𝑑1𝑐𝑐1 −

𝜆𝜆𝑑𝑑𝑐𝑐𝑑) are defined as c1 =c10 and c2 = c20, then the general solution can be 
developed with Laplace transforms as :

𝑐𝑐1 = 𝑐𝑐1𝑓𝑓𝑒𝑒−𝜆𝜆𝑓𝑓𝑑𝑑 + 𝑐𝑐1𝑠𝑠𝑒𝑒−𝜆𝜆𝑠𝑠𝑑𝑑
𝑐𝑐𝑑 = 𝑐𝑐𝑑𝑓𝑓𝑒𝑒−𝜆𝜆𝑓𝑓𝑑𝑑 + 𝑐𝑐𝑑𝑠𝑠𝑒𝑒−𝜆𝜆𝑠𝑠𝑑𝑑

where the 𝜆𝜆’s are eigenvalues defined as:

𝜆𝜆𝑠𝑠
𝜆𝜆𝑓𝑓

=
𝜆𝜆11 + 𝜆𝜆𝑑𝑑 ± 𝜆𝜆11 + 𝜆𝜆𝑑𝑑 𝑑 − 4(𝜆𝜆11𝜆𝜆𝑑𝑑 − 𝜆𝜆1𝑑𝜆𝜆𝑑1)

2



Contaminant Budget: Time-
Variable Solution
If the coefficients c1 and c2 in (𝑑𝑑𝑐𝑐𝑝

𝑑𝑑𝑑𝑑
= −𝜆𝜆11𝑐𝑐1 + 𝜆𝜆1𝑑𝑐𝑐𝑑 𝑎𝑎𝑎𝑎𝑑𝑑 𝑑𝑑𝑐𝑐2

𝑑𝑑𝑑𝑑
= 𝜆𝜆𝑑1𝑐𝑐1 −

𝜆𝜆𝑑𝑑𝑐𝑐𝑑) are defined as c1 =c10 and c2 = c20, then the general solution can be 
developed with Laplace transforms as :

𝑐𝑐1 = 𝑐𝑐1𝑓𝑓𝑒𝑒−𝜆𝜆𝑓𝑓𝑑𝑑 + 𝑐𝑐1𝑠𝑠𝑒𝑒−𝜆𝜆𝑠𝑠𝑑𝑑
𝑐𝑐𝑑 = 𝑐𝑐𝑑𝑓𝑓𝑒𝑒−𝜆𝜆𝑓𝑓𝑑𝑑 + 𝑐𝑐𝑑𝑠𝑠𝑒𝑒−𝜆𝜆𝑠𝑠𝑑𝑑

the coefficients are

𝑐𝑐1𝑓𝑓 =
𝜆𝜆𝑓𝑓 − 𝜆𝜆𝑑𝑑 𝑐𝑐10 − 𝜆𝜆1𝑑𝑐𝑐𝑑0

𝜆𝜆𝑓𝑓 − 𝜆𝜆𝑠𝑠
𝑎𝑎𝑎𝑎𝑑𝑑 𝑐𝑐1𝑠𝑠 =

𝜆𝜆1𝑑𝑐𝑐𝑑0 − 𝜆𝜆𝑠𝑠 − 𝜆𝜆𝑑𝑑 𝑐𝑐10
𝜆𝜆𝑓𝑓 − 𝜆𝜆𝑠𝑠

𝑐𝑐𝑑𝑓𝑓 =
𝜆𝜆𝑑1𝑐𝑐10 − 𝜆𝜆𝑓𝑓 − 𝜆𝜆11 𝑐𝑐𝑑0

𝜆𝜆𝑠𝑠 − 𝜆𝜆𝑓𝑓
𝑎𝑎𝑎𝑎𝑑𝑑 𝑐𝑐𝑑𝑠𝑠 =

− 𝜆𝜆𝑠𝑠 − 𝜆𝜆11 𝑐𝑐𝑑0 + 𝜆𝜆𝑑1𝑐𝑐10
𝜆𝜆𝑠𝑠 − 𝜆𝜆𝑓𝑓
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