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Analytical Solutions
Calculus has been used to develop 
(analytical) solutions thus far for a number 
of “idealized“ cases. While useful for 
obtaining fundamental understanding of 
pollutant fate in natural waters, they are 
limited due to:

-arbitrary patterns in nature
-variable parameters (V, k, Q, v, etc.)
-multiple segment systems
-nonlinear kinetics 

These can be address by computer and 
numerical methods



Euler’s Method
Euler’s method is the simplest numerical method for solving ordinary 
differential equations. We can start with the completely mixed lake 
model:

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ λ𝑑𝑑 =
𝑊𝑊 𝑑𝑑
𝑉𝑉

with λ being the eigenvalue which is:

λ =
𝑄𝑄
𝑉𝑉

+ 𝑘𝑘 +
𝑣𝑣
𝐻𝐻



Euler’s Method
The fundamental approach for solving a mathematical problem with 
the computer is to reformulate the problem so that it can be solved by 
arithmetic operations. Starting with:

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ λ𝑑𝑑 =
𝑊𝑊 𝑑𝑑
𝑉𝑉

𝑜𝑜𝑜𝑜
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝑊𝑊 𝑑𝑑
𝑉𝑉

− λ𝑑𝑑

We can remember that difference approximations can be used to 
express derivative terms (i.e. 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
) in arithmetic terms. E.g.

𝑑𝑑𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑

≅
∆𝑑𝑑
∆𝑑𝑑

=
𝑑𝑑𝑖𝑖+1 − 𝑑𝑑𝑖𝑖
𝑑𝑑𝑖𝑖+1 − 𝑑𝑑𝑖𝑖

where ci and ci+1 = concentrations at a present and a future time ti and 
ti+1, respectively.



Euler’s Method
Then substituting:

𝑑𝑑𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑

≅
∆𝑑𝑑
∆𝑑𝑑

=
𝑑𝑑𝑖𝑖+1 − 𝑑𝑑𝑖𝑖
𝑑𝑑𝑖𝑖+1 − 𝑑𝑑𝑖𝑖

into the completely mixed lake model:
𝑑𝑑𝑖𝑖+1 − 𝑑𝑑𝑖𝑖
𝑑𝑑𝑖𝑖+1 − 𝑑𝑑𝑖𝑖

=
𝑊𝑊 𝑑𝑑
𝑉𝑉

− λ𝑑𝑑𝑖𝑖

which can be solved for:

𝑑𝑑𝑖𝑖+1 = 𝑑𝑑𝑖𝑖 +
𝑊𝑊 𝑑𝑑
𝑉𝑉

− λ𝑑𝑑𝑖𝑖 𝑑𝑑𝑖𝑖+1 − 𝑑𝑑𝑖𝑖



Euler’s Method

𝑑𝑑𝑖𝑖+1 = 𝑑𝑑𝑖𝑖 +
𝑊𝑊 𝑑𝑑
𝑉𝑉

− λ𝑑𝑑𝑖𝑖 𝑑𝑑𝑖𝑖+1 − 𝑑𝑑𝑖𝑖

Thus the differential function has been transformed into an algebraic 
equation that can be used to determine the concentration at time ti+1
using the slope and a previous value. 

𝑁𝑁𝑁𝑁𝑁𝑁 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑁𝑁 = 𝑜𝑜𝑣𝑣𝑑𝑑 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑁𝑁 + (𝑠𝑠𝑣𝑣𝑜𝑜𝑠𝑠𝑁𝑁)(𝑠𝑠𝑑𝑑𝑁𝑁𝑠𝑠)

which can be represented generally by:
𝑑𝑑𝑖𝑖+1 = 𝑑𝑑𝑖𝑖 + 𝑓𝑓(𝑑𝑑𝑖𝑖 , 𝑑𝑑𝑖𝑖)ℎ



Euler’s Method

where 𝑓𝑓 𝑑𝑑𝑖𝑖 , 𝑑𝑑𝑖𝑖 = ⁄𝑑𝑑𝑑𝑑𝑖𝑖 𝑑𝑑𝑑𝑑 = the value 
of the differential equation evaluated 
at ti and ci and h= step size(𝑑𝑑𝑖𝑖+1 − 𝑑𝑑𝑖𝑖). 





Euler’s Method
The accuracy of the Euler method can be 
improved by using a smaller time step. 
This is a result of the method being a 
first-order approach (perfect result if 
underlying solution linear polynomial or 
line). 
The next methods take aim at improving 
slope estimates…



Heun’s Method
One issue with Euler’s method is the assumption 
that the derivative (obtained at the beginning of 
the interval) applies across the entire interval, 
which leads to a fundamental source of error. 

A method to improve this estimate is to determine 
the derivatives across the interval- one at the 
beginning and another at the end. 

Averaging the two derivatives provides an improved 
estimate of the slope for the entire interval. 



Heun’s Method
Euler’s method determines the slope at the beginning of 
the interval:

𝑑𝑑𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑

= 𝑓𝑓(𝑑𝑑𝑖𝑖 , 𝑑𝑑𝑖𝑖)

and extrapolates linearly to ci+1:
𝑑𝑑𝑖𝑖+10 = 𝑑𝑑𝑖𝑖 + 𝑓𝑓 𝑑𝑑𝑖𝑖 , 𝑑𝑑𝑖𝑖 ℎ

For Heun’s method, this second estimate is used as an 
intermediate step at which to calculate the estimated 
slope at the end of the interval:

𝑑𝑑𝑑𝑑𝑖𝑖+1
𝑑𝑑𝑑𝑑

= 𝑓𝑓(𝑑𝑑𝑖𝑖+1, 𝑑𝑑𝑖𝑖+10 )



Heun’s Method

Thus the two slopes can be combined to obtain an 
average slope for the interval:

𝑑𝑑 ̅𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝑓𝑓(𝑑𝑑𝑖𝑖 , 𝑑𝑑𝑖𝑖) +𝑓𝑓(𝑑𝑑𝑖𝑖+1, 𝑑𝑑𝑖𝑖+10 )

2

This average slope is then used to extrapolate linearly 
from ci to ci+1,  

𝑑𝑑𝑖𝑖+1 = 𝑑𝑑𝑖𝑖 +
𝑓𝑓(𝑑𝑑𝑖𝑖 , 𝑑𝑑𝑖𝑖) +𝑓𝑓(𝑑𝑑𝑖𝑖+1, 𝑑𝑑𝑖𝑖+10 )

2
ℎ



Heun’s Method
The Heun method is called the predictor-corrector 
method, concisely expressed as:

Predictor: 𝑑𝑑𝑖𝑖+10 = 𝑑𝑑𝑖𝑖 + 𝑓𝑓 𝑑𝑑𝑖𝑖 , 𝑑𝑑𝑖𝑖 ℎ

Corrector: 𝑑𝑑𝑖𝑖+1 = 𝑑𝑑𝑖𝑖 + 𝑓𝑓(𝑑𝑑𝑖𝑖,𝑑𝑑𝑖𝑖) +𝑓𝑓(𝑑𝑑𝑖𝑖+1,𝑑𝑑𝑖𝑖+1
0 )

2
ℎ

(which can be solved iteratively to refine the result). A 
termination criterion for convergence of corrector is:

% 𝑁𝑁𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 =
𝑑𝑑𝑖𝑖+1
𝑗𝑗 − 𝑑𝑑𝑖𝑖+1

𝑗𝑗−1

𝑑𝑑𝑖𝑖+1
𝑗𝑗 (100%)





Runge-Kutta Methods



Runge-Kutta Methods
The Runge-Kutta (or RK) methods are a family of 
numerical methods that are extensively used in 
water-quality modeling. The RK methods all 
have the general form :

𝑑𝑑𝑖𝑖+1 = 𝑑𝑑𝑖𝑖 + 𝜑𝜑ℎ
where 𝜑𝜑 = slope estimate (formally called an 
increment function). Euler’s and Heun’s are first-
order and second-order RK methods/algorithms, 
respectively. The most classical is the 4th order:

𝑑𝑑𝑖𝑖+1 = 𝑑𝑑𝑖𝑖 +
1
6

(𝑘𝑘1 + 2𝑘𝑘2 + 2𝑘𝑘3 + 𝑘𝑘4) ℎ



Runge-Kutta Methods
The most classical is the 4th order:

𝑑𝑑𝑖𝑖+1 = 𝑑𝑑𝑖𝑖 +
1
6 (𝑘𝑘1 + 2𝑘𝑘2 + 2𝑘𝑘3 + 𝑘𝑘4) ℎ

where 
𝑘𝑘1 = 𝑓𝑓 𝑑𝑑𝑖𝑖 , 𝑑𝑑𝑖𝑖

𝑘𝑘2 = 𝑓𝑓 𝑑𝑑𝑖𝑖 +
1
2ℎ, 𝑑𝑑𝑖𝑖 +

1
2ℎ𝑘𝑘1

𝑘𝑘3 = 𝑓𝑓 𝑑𝑑𝑖𝑖 +
1
2
ℎ, 𝑑𝑑𝑖𝑖 +

1
2
ℎ𝑘𝑘2

𝑘𝑘4 = 𝑓𝑓 𝑑𝑑𝑖𝑖 +
1
2
ℎ, 𝑑𝑑𝑖𝑖 +

1
2
ℎ𝑘𝑘3

which are original differential equations evaluated at specific 
values of t and c.

𝑓𝑓 𝑑𝑑, 𝑑𝑑 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 (𝑑𝑑, 𝑑𝑑)



Runge-Kutta Methods

The 4th order RK method is similar to the Heun’s
method in that multiple estimates of the slope 
are developed to come up with an improved 
average slope for the interval.

𝑑𝑑𝑖𝑖+1 = 𝑑𝑑𝑖𝑖 +
1
6

(𝑘𝑘1 + 2𝑘𝑘2 + 2𝑘𝑘3 + 𝑘𝑘4) ℎ

This equation then represents a weighted 
average of these to arrive at an improved slope.  





Systems of Equations



Systems of Equations
All these methods can be easily adapted to 
simulate a system of differential equations of 
the form:

𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝑓𝑓1(𝑑𝑑1, 𝑑𝑑2, … , 𝑑𝑑𝑛𝑛)

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= 𝑓𝑓1(𝑑𝑑1, 𝑑𝑑2, … , 𝑑𝑑𝑛𝑛)

.

.

.
𝑑𝑑𝑑𝑑𝑛𝑛
𝑑𝑑𝑑𝑑

= 𝑓𝑓1(𝑑𝑑1, 𝑑𝑑2, … , 𝑑𝑑𝑛𝑛)
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