
Distributed 
Systems 

(Time-Variable)



We continue our discussion of 
distributed systems by studying the 
temporal characteristics of plug-
flow & mixed-flow systems. A focus 
will be  on instantaneous discharge 
into a one-dimensional channel 
(e.g. spills and tracer studies).

https://pubs.usgs.gov/wri/wri024137/pdf/wrir024137.pdf

https://pubs.usgs.gov/wri/wri024137/pdf/wrir024137.pdf


Plug Flow

The time-variable mass balance for the plug-flow system can be written 
as:

𝜕𝜕𝑐𝑐
𝜕𝜕𝑡𝑡

= −𝑈𝑈
𝜕𝜕𝑐𝑐
𝜕𝜕𝑡𝑡
− 𝑘𝑘𝑐𝑐

If a spill causes a concentration co at t = x = 0, the solution is:
𝑐𝑐 = 𝑐𝑐0𝑒𝑒−𝑘𝑘𝑘𝑘 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 = 𝑥𝑥/𝑈𝑈
𝑐𝑐 = 0 𝑓𝑓𝑡𝑡𝑜𝑒𝑒𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒
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Plug Flow

If a spill causes a concentration co at t = x = 0, the solution is:
𝑐𝑐 = 𝑐𝑐0𝑒𝑒−𝑘𝑘𝑘𝑘 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 = 𝑥𝑥/𝑈𝑈
𝑐𝑐 = 0 𝑓𝑓𝑡𝑡𝑜𝑒𝑒𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒

Further, the velocity establishes a direct relationship between time and 
space,

𝑡𝑡 =
𝑥𝑥
𝑈𝑈

i.e. the solution can also be:

𝑐𝑐 = 𝑐𝑐0𝑒𝑒
−𝑘𝑘𝑈𝑈𝑥𝑥 𝑓𝑓𝑓𝑓𝑓𝑓 𝑥𝑥 = 𝑈𝑈/𝑡𝑡

𝑐𝑐 = 0 𝑓𝑓𝑡𝑡𝑜𝑒𝑒𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒





Plug Flow 

We recognize two perspectives of an observer at a fixed location and a moving 
observer. The fixed observer sees nothing until t= x/U. If the spill is decaying, 
the concentration will be reduced at this observation period.
Moving  observers would watch the concentration decay exponentially as if 
watching a batch reactor. 



Plug Flow 

The interrelationship between space and time also applies to steady-state 
solutions. For example, recall the steady-state solution for a continuous load 
into a plug-flow system:

𝑐𝑐 = 𝑐𝑐0𝑒𝑒
−𝑘𝑘𝑈𝑈𝑥𝑥

Now we should recognize again with t= x/U :
𝑐𝑐 = 𝑐𝑐0𝑒𝑒−𝑘𝑘𝑘𝑘

Where t represents travel time below the point source.



Random 
(Or “Drunkard’s”) Walk

The random walk describes the type of random 
motion found in diffusion processes. The name 
DW stems from similar pattern. 

After each ∆𝑡𝑡, particles will have equal likelihood 
of moving small distances to the left (−∆𝑥𝑥) or to 
the right (∆𝑥𝑥). After several ∆t intervals, the 
particles will begin to spread out as at each 
interval there is a 50-50 chance of moving to the 
left/right. 

Extremes are less likely due to successive moves.

www.fox.com

http://www.fox.com/


Random Walk
The random walk process can be expressed mathematically as:

𝑝𝑝 𝑥𝑥, 𝑡𝑡 =
1

2 𝜋𝜋𝜋𝜋𝑡𝑡
𝑒𝑒−

𝑥𝑥2
4𝐷𝐷𝑘𝑘

where p(x, t) = the probability that a particle will be at x after an elapsed time t
and D = a diffusion coefficient, defined as:

𝜋𝜋 =
∆𝑥𝑥2

2∆𝑡𝑡
If the population is grouped at the origin at time zero, the number of individuals 
at position x at a subsequent time t would be proportional to the probability of 
an individual particle’s being at x. Thus the probability equation can be 
expressed in terms of mass and concentration: 

𝑐𝑐 𝑥𝑥, 𝑡𝑡 =
𝑚𝑚𝑝𝑝

2 𝜋𝜋𝜋𝜋𝑡𝑡
𝑒𝑒−

𝑥𝑥2
4𝐷𝐷𝑘𝑘



Random Walk
𝑐𝑐 𝑥𝑥, 𝑡𝑡 =

𝑚𝑚𝑝𝑝

2 𝜋𝜋𝜋𝜋𝑡𝑡
𝑒𝑒−

𝑥𝑥2
4𝐷𝐷𝑘𝑘

where mp = total mass of the particles normalized to the cross-sectional 
area (ML-2). Thus the distribution of population of particles is described 
by a series of bell-shaped curves that spread out over time 
symmetrically about the origin.



Spill Models

Beyond random walk, we can 
integrate dispersion into models of 
instantaneous discharges into 
uniform, one-dimensional 
channels. We investigate spills 
occurring instantaneously and then 
a model for continuous input. 

Oil along the New Orleans River Walk following a spill on Thursday, 4/ 12,/18. Credit: U.S. Coast Guard



We will add mechanisms on a term-by-term basis.

Diffusion/dispersion: A mass balance for a substance that disperses in a one-
dimensional channel can be written as (with k=U=0):

𝜕𝜕𝑐𝑐
𝜕𝜕𝑡𝑡

= 𝐸𝐸
𝜕𝜕2𝑐𝑐
𝜕𝜕𝑥𝑥2

This relationship is sometimes referred to as Fick’s second law. The solution 
for the case where the substance is initially concentrated at x=0 is:  

𝑐𝑐 𝑥𝑥, 𝑡𝑡 =
𝑚𝑚𝑝𝑝

2 𝜋𝜋𝐸𝐸𝑡𝑡
𝑒𝑒−

𝑥𝑥2
4𝐸𝐸𝑘𝑘

Instantaneous or “Impulse” 
Spills



Instantaneous or “Impulse” 
Spills
For a conservative substance that is discharged in a lump sum to a 
water body, its tendency to spread outward from its center of mass. 
This could be represented by the standard deviation:

𝜎𝜎 = 2𝐸𝐸𝑡𝑡

or also as multiples of standard deviation (depicted in the curve). E.g. 
95% and 99% spreads are roughly approximated by 4𝜎𝜎 and 5𝜎𝜎.





Instantaneous or “Impulse” 
Spills
Dispersion/advection: Now we can add advection to the model terms 
developed so far (𝜕𝜕𝑐𝑐

𝜕𝜕𝑘𝑘
= 𝐸𝐸 𝜕𝜕2𝑐𝑐

𝜕𝜕𝑥𝑥2
). This relationship is sometimes referred 

to as the advection-diffusion (or advection-dispersion) equation.:
𝜕𝜕𝑐𝑐
𝜕𝜕𝑡𝑡

= −𝑈𝑈
𝜕𝜕𝑐𝑐
𝜕𝜕𝑥𝑥

+ 𝐸𝐸
𝜕𝜕2𝑐𝑐
𝜕𝜕𝑥𝑥2



Instantaneous or “Impulse” 
Spills
The solution for the case where the substance is initially concentrated at 
x = 0 is: 

𝑐𝑐 𝑥𝑥, 𝑡𝑡 =
𝑚𝑚𝑝𝑝

2 𝜋𝜋𝐸𝐸𝑡𝑡
𝑒𝑒−

(𝑥𝑥−𝑈𝑈𝑘𝑘)2
4𝐸𝐸𝑘𝑘

Note that in comparison to 

(𝑐𝑐 𝑥𝑥, 𝑡𝑡 = 𝑚𝑚𝑝𝑝

2 𝜋𝜋𝐸𝐸𝑘𝑘
𝑒𝑒−

𝑥𝑥2

4𝐸𝐸𝐸𝐸), the effect of 
advection is to “move” the 

dispersion solution intact downstream
at velocity U. 





Instantaneous or “Impulse” 
Spills
Dispersion/advection: Now a first-order reaction can be added to the 
model: 

𝜕𝜕𝑐𝑐
𝜕𝜕𝑡𝑡

= −𝑈𝑈
𝜕𝜕𝑐𝑐
𝜕𝜕𝑥𝑥

+ 𝐸𝐸
𝜕𝜕2𝑐𝑐
𝜕𝜕𝑥𝑥2

− 𝑘𝑘𝑐𝑐

The solution where the substance is initially concentrated at x = 0 is:

𝑐𝑐 𝑥𝑥, 𝑡𝑡 =
𝑚𝑚𝑝𝑝

2 𝜋𝜋𝐸𝐸𝑡𝑡
𝑒𝑒−

𝑥𝑥−𝑈𝑈𝑘𝑘 2

4𝐸𝐸𝑘𝑘 −𝑘𝑘𝑘𝑘

In comparison with the previous

(𝑐𝑐 𝑥𝑥, 𝑡𝑡 = 𝑚𝑚𝑝𝑝

2 𝜋𝜋𝐸𝐸𝑘𝑘
𝑒𝑒−

(𝑥𝑥−𝑈𝑈𝐸𝐸)2

4𝐸𝐸𝐸𝐸 ), the effect of 
decay is to reduce the area 

under the curve. 



Instantaneous or “Impulse” 
Spills
Fixed versus global observer:

This previous equation (𝑐𝑐 𝑥𝑥, 𝑡𝑡 = 𝑚𝑚𝑝𝑝

2 𝜋𝜋𝐸𝐸𝑘𝑘
𝑒𝑒−

𝑥𝑥−𝑈𝑈𝐸𝐸 2

4𝐸𝐸𝐸𝐸 −𝑘𝑘𝑘𝑘), is a function of two 
independent variables x and t. Thus it can be viewed from two perspectives. 

We can compute the spatial distribution at a fixed time (see figure) 
showing global perspective. 

We can also compute the temporal distribution at a fixed point 
in space. This case is for a static observer.



Instantaneous or “Impulse” 
Spills

Fixed versus global observer:
We can also compute the temporal distribution at a fixed 

point in space. This case is for a static observer.

For this case, the view can be skewed because the curve 
continues to spread out as it is being observed. 



Continuous Spills

For some tracer studies, the input jumps to a constant level. Two ideal 
cases are depicted below:



Continuous Spill
First the concentration increase can be maintained for an infinite duration. For 
this case, the solution of (𝜕𝜕𝑐𝑐

𝜕𝜕𝑘𝑘
= −𝑈𝑈 𝜕𝜕𝑐𝑐

𝜕𝜕𝑥𝑥
+ 𝐸𝐸 𝜕𝜕2𝑐𝑐

𝜕𝜕𝑥𝑥2
− 𝑘𝑘𝑐𝑐), with constant coefficients 

can be expressed as: 

𝑐𝑐 𝑥𝑥, 𝑡𝑡 =
𝑐𝑐0
2

𝑒𝑒
𝑈𝑈𝑥𝑥
2𝐸𝐸 1−Г erfc

𝑥𝑥 − 𝑈𝑈𝑡𝑡Г
2 𝐸𝐸𝑡𝑡

+ 𝑒𝑒
𝑈𝑈𝑥𝑥
2𝐸𝐸 1−Г erfc

𝑥𝑥 + 𝑈𝑈𝑡𝑡Г
2 𝐸𝐸𝑡𝑡

where 

Г = 1 + 4η 𝑎𝑎𝑎𝑎𝑎𝑎 η =
𝑘𝑘𝐸𝐸
𝑈𝑈2



Continuous Spill

𝑐𝑐 𝑥𝑥, 𝑡𝑡 =
𝑐𝑐0
2

𝑒𝑒
𝑈𝑈𝑥𝑥
2𝐸𝐸 1−Г erfc

𝑥𝑥 − 𝑈𝑈𝑡𝑡Г
2 𝐸𝐸𝑡𝑡

+ 𝑒𝑒
𝑈𝑈𝑥𝑥
2𝐸𝐸 1−Г erfc

𝑥𝑥 + 𝑈𝑈𝑡𝑡Г
2 𝐸𝐸𝑡𝑡

the error function complement, erfc, is equal to one minus the error function: 
1- erf. Also, erf(-x) = -erf(x). The error function is the evaluation of the 
following definite integral:

erf 𝑏𝑏 =
2
𝜋𝜋
�
0

𝑏𝑏
𝑒𝑒−𝛽𝛽2 𝑎𝑎𝛽𝛽 𝑜𝑜𝑜𝑜𝑡𝑡𝑜 𝛽𝛽 = 𝑎𝑎𝑑𝑑𝑚𝑚𝑚𝑚𝑑𝑑 𝑣𝑣𝑎𝑎𝑓𝑓𝑜𝑜𝑎𝑎𝑏𝑏𝑣𝑣𝑒𝑒



Continuous Spill

The concentration based on these 
error functions plot as curves. The 
curves shown here are referred to as 
“breakthrough” curves, used 
extensively in surface and 
groundwater problem contexts.  

𝑐𝑐 𝑥𝑥, 𝑡𝑡

=
𝑐𝑐0
2 𝑒𝑒

𝑈𝑈𝑥𝑥
2𝐸𝐸 1−Г erfc

𝑥𝑥 − 𝑈𝑈𝑡𝑡Г
2 𝐸𝐸𝑡𝑡

+ 𝑒𝑒
𝑈𝑈𝑥𝑥
2𝐸𝐸 1−Г erfc

𝑥𝑥 + 𝑈𝑈𝑡𝑡Г
2 𝐸𝐸𝑡𝑡



Continuous Spill
The second idealized application applies to cases in which the step input 
terminates after a finite time. There are two parts for this solution. For t < τ,   
𝑐𝑐 𝑥𝑥, 𝑡𝑡 = 𝑐𝑐0

2
𝑒𝑒
𝑈𝑈𝑥𝑥
2𝐸𝐸 1−Г erfc 𝑥𝑥−𝑈𝑈𝑘𝑘Г

2 𝐸𝐸𝑘𝑘
+ 𝑒𝑒

𝑈𝑈𝑥𝑥
2𝐸𝐸 1−Г erfc 𝑥𝑥+𝑈𝑈𝑘𝑘Г

2 𝐸𝐸𝑘𝑘
holds.

Thereafter, the following formula applies:
𝑐𝑐 𝑥𝑥, 𝑡𝑡

=
𝑐𝑐0
2
�

�

𝑒𝑒
𝑈𝑈𝑥𝑥
2𝐸𝐸 1−Г erfc

𝑥𝑥 − 𝑈𝑈𝑡𝑡Г
2 𝐸𝐸𝑡𝑡

− erfc
𝑥𝑥 − 𝑈𝑈 𝑡𝑡 − 𝜏𝜏 Г

2 𝐸𝐸(𝑡𝑡 − 𝜏𝜏)

+ 𝑒𝑒
𝑈𝑈𝑥𝑥
2𝐸𝐸 1+Г erfc

𝑥𝑥 + 𝑈𝑈𝑡𝑡Г
2 𝐸𝐸𝑡𝑡

− erfc
𝑥𝑥 + 𝑈𝑈 𝑡𝑡 − 𝜏𝜏 Г

2 𝐸𝐸(𝑡𝑡 − 𝜏𝜏)



Continuous Spill



Tracer Studies

The models derived thus far also have utility when trying to account for 
compounds that are deliberately discharged as tracers. In these cases, the 
distribution downstream from the injection point can be used to determine 
key characteristics (e.g. velocity, dispersion coefficient, and decay rate). 

It is necessary to estimate some quantities from concentration data. 
(measured in discrete points in time). 
Mean concentration: 

̅𝑐𝑐 =
∑𝑖𝑖=0𝑛𝑛−1(𝑐𝑐𝑖𝑖 + 𝑐𝑐𝑖𝑖+1)(𝑡𝑡𝑖𝑖+1 − 𝑡𝑡𝑖𝑖)

2(𝑡𝑡𝑛𝑛 − 𝑡𝑡𝑜𝑜)



Tracer Studies



Tracer Studies

Mass:
𝑀𝑀 = 𝑄𝑄 ̅𝑐𝑐(𝑡𝑡𝑛𝑛 − 𝑡𝑡0)

Travel Time:

̅𝑡𝑡 =
∑𝑖𝑖=0𝑛𝑛−1(𝑐𝑐𝑖𝑖𝑡𝑡𝑖𝑖 + 𝑐𝑐𝑖𝑖+1𝑡𝑡𝑖𝑖+1)(𝑡𝑡𝑖𝑖+1 − 𝑡𝑡𝑖𝑖)
∑𝑖𝑖=0𝑛𝑛−1(𝑐𝑐𝑖𝑖 + 𝑐𝑐𝑖𝑖+1)(𝑡𝑡𝑖𝑖+1 − 𝑡𝑡𝑖𝑖)

Temporal Variance:

𝑜𝑜𝑘𝑘2 =
∑𝑖𝑖=0𝑛𝑛−1(𝑐𝑐𝑖𝑖𝑡𝑡𝑖𝑖2 + 𝑐𝑐𝑖𝑖+1𝑡𝑡𝑖𝑖+12)(𝑡𝑡𝑖𝑖+1 − 𝑡𝑡𝑖𝑖)

∑𝑖𝑖=0𝑛𝑛−1(𝑐𝑐𝑖𝑖 + 𝑐𝑐𝑖𝑖+1)(𝑡𝑡𝑖𝑖+1 − 𝑡𝑡𝑖𝑖)
− ̅𝑡𝑡 2



Tracer Studies

If the data are available from two stations, located at x1 and x2, the mean 
velocity can be estimated by:

𝑈𝑈 =
𝑥𝑥2 − 𝑥𝑥1
̅𝑡𝑡2 − ̅𝑡𝑡1

The velocity estimate can, in turn, be used to calculate the dispersion 
coefficient by:

𝐸𝐸 =
𝑈𝑈2(𝑜𝑜𝑘𝑘22 − 𝑜𝑜𝑘𝑘12)

2( ̅𝑡𝑡2 − ̅𝑡𝑡1)





Tracer Studies

Dye studies can also be used to determine first-order reaction rates. For this 
case, the mass under the concentration-time curve is determined at two 
positions. The rate is estimated as: 

𝑘𝑘 =
1

̅𝑡𝑡2 − ̅𝑡𝑡1
ln
𝑀𝑀1

𝑀𝑀2



Estuary Number
The relative importance of advection and dispersion can be assessed by 
a dimensionless  analysis

𝜕𝜕𝑐𝑐
𝜕𝜕𝑡𝑡

= −𝑈𝑈
𝜕𝜕𝑐𝑐
𝜕𝜕𝑥𝑥

+ 𝐸𝐸
𝜕𝜕2𝑐𝑐
𝜕𝜕𝑥𝑥2

− 𝑘𝑘𝑐𝑐

Three dimensionless parameter groups can be defined as:
𝑐𝑐∗ =

𝑐𝑐
𝑐𝑐𝑜𝑜

𝑥𝑥∗ =
𝑘𝑘𝑥𝑥
𝑈𝑈

𝑡𝑡∗ = 𝑘𝑘𝑡𝑡



Estuary Number

These equations can be solved for c, x and t, respectively, and the 
results substituted into (𝜕𝜕𝑐𝑐

𝜕𝜕𝑘𝑘
= −𝑈𝑈 𝜕𝜕𝑐𝑐

𝜕𝜕𝑥𝑥
+ 𝐸𝐸 𝜕𝜕2𝑐𝑐

𝜕𝜕𝑥𝑥2
− 𝑘𝑘𝑐𝑐) to yield: 

𝜕𝜕𝑐𝑐∗

𝜕𝜕𝑡𝑡∗
= −

𝜕𝜕𝑐𝑐∗

𝜕𝜕𝑥𝑥∗
+ η

𝜕𝜕2𝑐𝑐∗

𝜕𝜕𝑥𝑥∗2
− 𝑐𝑐∗

where η is called the estuary number:

η =
𝑘𝑘𝐸𝐸
𝑈𝑈2

This term defines whether the second derivative is important. 



Estuary Number

where η is called the estuary number:

η =
𝑘𝑘𝐸𝐸
𝑈𝑈2

This term defines whether the second derivative is important. 

𝜕𝜕𝑐𝑐∗

𝜕𝜕𝑡𝑡∗
= −

𝜕𝜕𝑐𝑐∗

𝜕𝜕𝑥𝑥∗
+ η

𝜕𝜕2𝑐𝑐∗

𝜕𝜕𝑥𝑥∗2
− 𝑐𝑐∗
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